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The (3+d){dimensional Einstein{Kalb{Ramond theory reduced to two di-
mensions is considered. It is shown that the theory allows two dierent Ernst{
like d  d matrix formulations: the real non{dualized target space and the
Hermitian dualized non{target space ones. The O(d; d) symmetry is written
in a SL(2; R) matrix{valued form in both cases. The Kramer{Neugebauer
transformation, which algebraically maps the non{dualized Ernst potential
into the dualized one, is presented.




Heterotic string theory predicts the eective action for its massless excitations. The
bosonic sector of this action provides the correct description of the gravitational, Kalb{
Ramond, dilaton and gauge vector elds at Plank scales. The continuous symmetries of the
eective system correspond to the discrete ones for the exact string theory [1]{ [2].
In the previous paper [3] we have shown that the simplied string gravity system, the
Einstein{Kalb{Ramond (EKR) theory, being reduced to three dimensions, allows two for-
mulations which are very similar to the pure Einstein theory. The rst of them corresponds
to the (target space) Ernst formulation of the stationary Einstein equations [4], while the
second one is related to their (non{target space) metric representation.
Here we discuss the properties of EKR theory reduced to two dimensions. We show that
one can introduce a new Hermitian Ernst{like matrix potential in the non{target space for-
mulation. It is established that this potential can be mapped into the real target space Ernst{
like matrix one using a complex transformation which generalizes the Kramer{Neugebauer
map for the stationary axisymmetric Einstein theory [5].
It is shown that the real and imaginary parts of the new Ernst{like potential dene a
non{coset chiral matrix which possesses the properties of the Belinsky{Zakharov one for the
vacuum system [6]. This new matrix provides the explicit O(d; d){invariant representation of
the theory under consideration. The global O(d; d) symmetry transformations are rewritten
in the matrix{valued SL(2; R) form using both Ernst{like matrix potentials.
II. ERNST MATRIX POTENTIALS













where R is the Ricci scalar for the metric GMN , (M = 0; :::; 3 + d) and
HMNL = @MBNL + cyc: perms: (2)
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Here BNL is the antisymmetric Kalb{Ramond eld and HMNL is the non{dualized axion
one.
As in the previous work [3] we consider the ansatz
G;n+2 = B;n+2 = 0; (3)
where  = 0; 1; 2; n = 1; :::; d. Following [7] we perform the compactication of d dimensions
on a torus. The resulting theory is a {model constructed on the matrix elds Gmn =
Gm+2;n+2 and Bmn = Bm+2;n+2 coupled to 3{gravity with the metric g = G .
In this paper we deal with time{independent eld congurations, when the 3{metric can







Then the \material part" of the motion equations is
r(JB)− JGJB = 0; (5)
r(JG)− (JB)2 = 0; (6)
where JB = rBG−1, JG = rGG−1 and the operator r = f@; @zg. These equations are










The dening function γ relations can be obtained from the 3{dimensional Einstein equa-































Eq. (5), being rewritten in the form r[G−1(rB)G−1] = 0, becomes the compatibility
condition for the relation dening the antisymmetric matrix Ω:
3
rΩ = G−1( ~rB)G−1: (9)
(Here ~r = rz and ~rz = −r), see [8].) This new matrix Ω, together with the original one
G, provide an alternative Lagrange description of the problem. Namely, from Eq. (9) one





+ −1JΩJG = 0; (10)
where JΩ = GrΩ. This equation, together with Eq. (6) rewritten as
r(JG)− −1(JΩ)2 = 0; (11)










In [3] it was shown that the alternative Lagrange formulation in three dimensions is
connected with the use of the antisymmetric vector matrix ~Ω. It is easy to see that in two
dimensions the only {component is non{trivial and Ω = (~Ω) .
Using Eq. (9) one can also represent the relations (8) dening the function γ in terms
































In [3] the formal analogy between the EKR theory, on the one hand, and the Einstein
and Einstein{Maxwell{Dilaton{Axion theories, on the other hand, (and moreover, between
EKR and an arbitrary symplectic gravity model [9]) was established. Using this analogy,
one can suppose the existence of the algebraical transformation which directly maps the
(G; B){formalism into the (G; Ω) one. It is easy to check that the complex transformation
G! G−1; B ! iΩ; (14)
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actually maps Eqs. (5){(6) into the Eqs. (10){(11). Thus, the EKR system allows a Kramer{
Neugebauer{like transformation [5] in two dimensions. Using the relations (13), dening the









under the map (14). The Kramer{Neugebauer{like transformation for the Einstein{
Maxwell{Dilaton{Axion theory was found in [10], and for the general case of symplectic
models with the coset space Sp(2n;R)=U(n), in [9].
In the previous work [3] it was shown that the d d matrix variable
X = G+B; (16)
which was rstly entered in [7], realizes the real Ernst{like formulation of the problem in











where JX = rX (X+XT )−1. A remarkable fact is that in two dimensions one can introduce
the new Ernst{like matrix potential
E = E+ = G−1 + iΩ: (18)












where JE = rE (E + E)−1 − 1
2
rln.
The introduced above Ernst{like potentials X and E allow to extremely simplify the
form of the Kramer{Neugebauer transformation (14):
X ! E: (20)
In the next section we will show that these matrices provide a natural language for the
symmetry analysis of the theory under consideration.
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III. O(D, D){SYMMETRY IN SL(2, R) FORM















where JM = rMM−1.
It is easy to check that MT = M and




i.e., the null{curvature matrix M belongs to the coset O(d; d)=O(d)O(d) [7]. The isometry
transformations
M ! CTMC; (24)
which preserve the action (22), are dened by an arbitrary matrix C belonging to the O(d; d)
group. In [3] it was shown that the Gauss decomposition
C =
0BB@ (ST )−1 −(ST )−1R
−L(ST )−1 S + L(ST )−1R
1CCA ; (25)
where RT = −R and LT = −L, denes that part of the O(d; d) group which can be
continuously transformed into the unit element.
Also in [3] it was established that, in terms of the matrices G and B, the transformation
(24) can be written in a matrix{valued SL(2; R) form:
X ! ST (X−1 + L)−1S +R: (26)
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Now it is natural to ask how this transformation acts on the matrix variables G and Ω
which provide an alternative description of the problem. To answer this question one can





which is symmetric and satises the nongroup relation
NN = −2; (28)
instead of the group one (23). A similar situation arises in the stationary axisymmetric case
of the pure Einstein theory [6].











where JN = rN N−1. It is easy to see that the relation (28) preserves under the transfor-
mation
N ! CTNC; (30)
where C is an arbitrary matrix belonging to the O(d; d) group.
Thus, this transformation constitutes a symmetry for the action (29). However, it has
no the sense of isometry transformation since the matrix variable Ω is not a target space
potential. By analogy with the stationary axisymmetric Einstein system, this O(d; d) sym-
metry representation can be compared with the SL(2; R) one of the non{dualized Einstein
equations.
Therefore, performing a straightforward calculation, one can establish that the map (30)
in terms of the Ernst{like matrix potential E also takes a SL(2; R) matrix{valued form:
E ! ST (E−1 − iL)−1S + iR: (31)
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Thus, both Ernst{like potentials X and E transform in a similar way which is a direct
generalization of the SL(2; R) transformation for the vacuum theory.
At the end of the paper it must be noted that there are non{trivial O(d; d) transforma-
tions which can not be represented in the Gauss decomposition form (27). As an example
one can take the transformation dened by the matrix C = , which is an O(d; d) one
and corresponds to the map M ! M−1 (or N ! −2N−1, correspondingly). Such a kind
of transformations was rstly discussed in [2] as \strong{weak coupling duality" in three
dimensions. Using Ernst{like potentials, this transformation can be rewritten as
X ! X−1; E ! E−1: (32)
IV. CONCLUSION
The existence of the matrix N allows to construct the Hauser{Ernst{like linear system
[11] and to derive the innite Geroch{like group [12]. This group will be the loop expansion
of the isometry group O(d; d) discussed here. In the particular case of d = 2 this procedure
was performed in [13].
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